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Abstract

The impact of feature correlations on class sepa-
ration has received limited attention from researchers.
Previous reports treat the problem from the viewpoint of
multi-classifier fusion and are partially inconsistent in
their conclusions. In this paper we show that these am-
biguities are the result of incompatible basic assump-
tions, and that the conclusions from prior art hold only
for specific configurations of class-conditional distribu-
tions. We show that the impact of feature correlations
on class separation between two bivariate normal dis-
tributions can be positive or negative, and that it can
only be gauged in the context of the parameters of in-
volved marginals. The findings reported in this paper
are of importance for the practice of feature extraction,
feature selection, and in multi-classifier fusion.

1. Introduction

Classifiers deployed in many applications of pattern
recognition use multiple features in order to best sep-
arate the classes. It is a well-known fact that individ-
ual class-selective power of the features is not the only
factor that impacts class separation, and that correla-
tions between the features also play an important role.
Recognizing the importance of the topic in the pattern
recognition practice, several authors have reported on
the impact of feature correlations on class separation.
Historically, the predominant notion was that classifica-
tion features should not be correlated [3].
Recently, the topic has received some attention in

the domain of multi-classifier fusion. In [8] Poh and
Bengio studied the problem of feature correlation in the
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context of biometric authentication. Here, the correla-
tion between the output scores of unimodal classifiers
are considered in a multimodal fusion scenario, where
the scores become features for a fusion classifier. The
authors conclude that positive correlation between the
features helps, while negative correlation ’hurts’ fusion.
The authors assume that the marginal distributions of
considered features are normal, and that correlation co-
efficients are equal for both classes.
In contrast with the results of Poh and Bengio are

the results of Koval et al. [5], who argued that using de-
pendent rather than independent, normally distributed
features offers prospects of lower classification error
rates. The authors illustrate their claim using an exam-
ple where class separation between two bivariate nor-
mal distributions increases as the correlation coefficient
changes from 0 (independent case) towards 1. Again, a
tacit assumption assigns equal correlation coefficient to
both classes.
Several other studies, for instance [9, 10], clearly

suggest that it is important to properly account for the
existence of correlation between features when design-
ing a classifier, but at the same time they do not shed
much light on the actual effect of feature correlation on
class separation, nor on the empirical classification er-
rors. The interest in accounting for feature correlations
is pragmatically justified: in practice one usually cannot
change the actual feature correlations - they can only be
observed in the data.
However, understanding of the impact of feature cor-

relations on class separation also has important practical
applications. In [6] existence of dependences between
class-selective features (baseline classifier scores) and
class-independent quality measures is shown to war-
rant conditional relevance of the latter one, in a bio-
metric application. In fact, in the well-known in ma-
chine learning literature spouse problem [2] the features
are clearly correlated. Understanding the impact of fea-
ture correlations on class separation is also of direct rel-
evance to feature generation and feature selection, as



well as for the selection of individual classifiers selected
for multi-classifier fusion [7].
Therefore it is important to disambiguate the appar-

ently contradicting results reported in [8] and [5], and
doing so is the motivation of this paper. We assume a
two-class problem and normal class-conditional feature
distributions. In Section 2 we give analytical results for
computing class separation in the case when correlation
coefficients and covariance matrices are equal for both
classes. In Section 3 we show numerical simulation re-
sults for more general cases, where these simplifying
assumptions are relaxed. Obtained results show that the
results of [8] and [5] hold only for specific configura-
tions of distributions and their parameters. We show
that given specific conditions, the existence of non-zero
feature correlations can either increase or decrease class
separation, and we provide formal and intuitive expla-
nations of these findings. In particular, using bivariate
normal distributions we show that 1) uncorrelated fea-
tures do not entail minimal class separation, and 2)the
sign of the correlation coefficient does not determine the
sign of change in class separation.

2. Bivariate Gaussian case, ρA = ρB = ρ

Let us analyse how correlation between features im-
pacts class separation between classes A and B for bi-
variate normal class-dependent jointly distributed ran-
dom variables X and Y , whose instances we de-
note as x and y, respectively. For that we assume
that class-conditional marginal distributions of p(x|A),
p(x|B), p(y|A) and p(y|B) are normal, p (f |ω) =
N (μf,ω , σf,omega), where f ∈ {x, y}, ω ∈ {A, B},
and μf,ω and σ2

f,ω are respective means and variances.
Without a loss of generality let us place the means of
the p(x, y|A) at the origin of the respective axes, hence
μx,B = μx and μy,B = μy become distances between
respective means. Let us introduce simplifying assump-
tions: σ2

y,A = σ2
y,B = σ2

y and σ2
x,A = σ2

x,B = σ2
x. As-

sume the Pearson’s correlation coefficient [1] between
X and Y to be the same for both classes A and B,
ρA = ρB = ρ. Bivariate conditional distributions of
p(x, y|A) and p(x, y|B) whose marginal distributions
are normal are given by [4]:
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In Eq. (1) the correlation coefficients are constrained
to satisfy −1 < ρω < 1 in order to avoid a degener-
ate case where x ∝ y [1]. We are interested how the
class separation, and consequently the expected mini-
mal classification error 1 depend on the correlation co-
efficients ρA and ρB between y and x.
Consider the Kullback-Leibler divergence between

two distributions, u(x) and v(x)[1]:

DKL(u(x), v(x)) =

∞∫
−∞

v(x) ln
v(x)
u(x)

dx (2)

For multivariate Gaussian distributions Eq. (2) becomes
[5]:

DKL(p(e|A), p(e|B)) =

ln
|ΣA|
|ΣB| + tr

(
Σ−1

A ΣB

)
+ (μA − μB)T Σ−1

B (μA − μB) ,

(3)

where ΣA and ΣB are covariance matrices of A and
B and μA = [μx,Aμy,A]T , μB = [μx,Bμy,B]T . In
general case divergence is asymmetric, DKL(A, B) �=
DKL(B, A) but in our case ΣA = ΣB = Σ. In this
situation Eq. (4) becomes:

DKL(p(e|A), p(e|B)) = DKL(p(e|B), p(e|A)) =

= (μB)T Σ−1 (μA) + β,

(4)

where

β = ln
|Σ|
|Σ| + tr

(
Σ−1Σ

)
= const.

First let us represent Eq. (4) as an explicit function
of ρ:

DKL(ρ) =
1
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In order to find characteristic points of DKL(ρ) we
compute the 1st and the 2nd derivatives ofDKL(ρ):

d
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(5)
1assuming equal misclassification cost for both classes.
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In order to find the extrema of DKL(ρ) we need to
find ρ for which the first derivative ofDKL(ρ) given by
5 is equal zero.
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(7)

Solution of the above equation yields

ρ1 =
μyσx

μxσy
, ρ2 =

μxσy

μyσx
. (8)

Note that since by definition−1 < ρ < 1 then |ρ1| <
1 ⇔ |ρ2| > 1 and Eq. (4) has only one valid solution.
Let us assume that |ρ1| < 1. At this point Eq. (6)
evaluates to
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Since −1 < ρ1 < 1 then necessarily

σ2
yμ2

x − σ2
xμ2

y > 0 ⇒ d

dρ
DKL(ρ1) > 0, (10)

which indicates thatDKL(ρ) has a minimum and the
separation between classes A and B is minimal at ρ1.
Should |ρ2| < 1 be assumed then ρ2 would be the one
and only one valid solution that minimizesDKL.
For most distributions, whose variances are non-

zero, feature independence results in minimal DKL(ρ)
only for μx = 0 or μy = 0. However, if neither μx = 0
nor μy = 0 then correlation between the features will
either increase or decrease class separation in respect to
the independent case. This situation is shown in Figure
1(a), where ΣA = ΣB , ρA = ρB = ρ, μx �= 0 and
0 ≤ μy ≤ 3. In this example, we show the impact of
the correlation coefficient ρ = ρA = ρB and of μy on
the class overlap, measured by the Matusita distance

E =
∫

y

∫
x

√
p(x, y|A)p(x, y|B)dxdy. (11)

The maxima of E(ρ) reached for each assumed μy

are connected with a bold black line. The example
clearly illustrates the theoretical results from this sec-
tion, and supports our hypotheses worded in Section 1.
In particular, for μy = 0 the shape of E(ρ) supports the
findings from [5], but not for μy > 0. Also, the find-
ings reported in [8] hold only for a specific case where
μx = μy = 1, but not for other values of μy .

3. Bivariate Gaussian case, ρA �= ρB

Let us now focus on the class overlap given by Eq.
(11) for ρA �= ρB . The detailed analysis of the condi-
tions which must be met for to reach an extremum for
arbitrary covariance configuration and when ρA �= ρB

is symbolically complex beyond the frames of this pa-
per and therefore we decide to skip it, and revert to nu-
merical simulations instead. Given the number of free
parameters of arbitrary bivariate normal distributions,
we are forced to limit the number of simulations to a few
examples, necessary to substantiate our claims worded
in Section 1. In these examples, shown in Figures 1(b)
and (c), the error measure E(ρA, ρB) is plotted against
the correlation coefficients ρA and ρB for fixed param-
eters of the marginals p(x, y|A), p(x, y|B).
The examples shown in Figures 1(b) and (c) show

that the function E(ρA, ρB) is not always concave and
can have either an extremum or an infliction point, de-
pending on the actual values of ρA, ρB and on the pa-
rameters of the marginals. In Figure 1(b), E(ρA, ρB)
reaches a maximum for non-zero ρA and ρB , thus for
dependent rather than independent features. In Figure
1(c) we show an example where for σ2

y,B � σ2
y,A and

ρA = ρB = 0 (uncorrelated features), the computed
class overlap reaches not a maximum but an infliction
point. MaximumofE(ρA, ρB) is reached for |ρA| → 1.

4 Conclusions

In this paper we have disambiguated the apparent
conflict in reported impact of correlation between fea-
tures on class separation, and consequently on the ex-
pected classification error, for bivariate normal distribu-
tions. We have shown that previously reported results
hold only for specific configurations of marginal dis-
tributions and cannot be extended to arbitrary distribu-
tions. We have substantiated our claims analytically and
using numerical simulations.
Our results carry important practical implications for

the design of feature selection and feature extraction al-
gorithms. First, the results reported here make it evident
that feature correlations must be taken into account to-
gether with other distribution parameters and cannot be
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Figure 1. (a) impact of correlation coeffi-
cient ρ and distance between means μy

on distribution overlap measure E(ρ), (b)
impact of correlation coefficients ρA, ρB

on the location of stationary points of
E(ρA, ρB). All graphs drawn for two bivari-
ate normal distributions.

used by themselves to gauge the usefulness of a given
feature set. Second, when building feature extraction
algorithms, correlations between features can be often
pre-designed, in particular when feature correlations are
effects of causal relationships between features. In such
situations, designing correlated features can be benefi-
cial for classification performance. An example of such
application can be extraction of quality measures for
biometric classification. Finally, reported findings are
directly relevant to multi-classifier fusion, where scores
of individual classifiers can be considered features to
the fusion algorithm.
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